To improve the performance of Global Positioning System (GPS) in the earthquake/tsunami early warning and rapid response applications, minimizing the blind zone and increasing the stability and accuracy of both the rapid source and rupture inversion, the density of existing GPS networks must be increased in the areas at risk. For economic reasons, low-cost singlefrequency receivers would be preferable to make the sparse dual-frequency GPS networks denser. When using single-frequency GPS receivers, the main problem that must be solved is the ionospheric delay, which is a critical factor when determining accurate coseismic displacements. In this study, we introduce a modified Satellite-specific Epoch-differenced Ionospheric Delay (MSEID) model to compensate for the effect of ionospheric error on single-frequency GPS receivers. In the MSEID model, the time-differenced ionospheric delays observed from a regional dual-frequency GPS network to a common satellite are fitted to a plane rather than part of a sphere, and the parameters of this plane are determined by using the coordinates of the stations. When the parameters are known, time-differenced ionospheric delays for a single-frequency GPS receiver could be derived from the observations of those dualfrequency receivers. Using these ionospheric delay corrections, coseismic displacements of a single-frequency GPS receiver can be accurately calculated based on time-differenced carrierphase measurements in real time. The performance of the proposed approach is validated using 5 Hz GPS data collected during the 2012 Nicoya Peninsula Earthquake (M w 7.6, 2012 September 5) in Costa Rica. This shows that the proposed approach improves the accuracy of the displacement of a single-frequency GPS station, and coseismic displacements with an accuracy of a few centimetres are achieved over a 10-min interval.
I N T RO D U C T I O N
Real-time high-rate Global Positioning System (GPS) has great potential to provide very accurate measurements of ground displacements in the near field for earthquake magnitude estimation (Blewitt et al. 2006; Allen & Ziv 2011; Wright et al. 2012) , rapid fault slip inversion (Yue & Lay 2011; Li et al. 2013b) , earthquake early warning (EEW) , regional tsunami early warning , etc. However, there are still some practical issues with the existing high-rate GPS networks, such as the insufficient density of stations. A dense network of stations is needed, which is important not only for rapid response to make source models of earthquakes quickly after the event but also for EEW to minimize the blind zone that suffers from the destructive waves before an alert is received (O'Toole et al. 2012; Kuyuk & Allen 2013) . Except for Japan's GNSS Earth Observation Network System (GEONET) with an average intersite distance of about 20 km, other high-rate GPS networks need to be made considerably denser to reduce the spacing between sites. However, it is unlikely that many countries will be able to afford a GPS network with the density of GEONET using dual-frequency (DF) receivers, and thus relatively cheap single-frequency (SF) receivers are recommended to increase the density of existing DF GPS networks. In comparison to DF GPS receivers, the major problem when using SF receivers is how to eliminate the effect of ionospheric delay, which is a critical factor affecting the precision of coseismic displacements .
Since ionospheric delays have opposite effects on pseudo-range and carrier-phase measurements, an additive combination of them is usually employed to eliminate the first-order ionospheric component in SF receivers (Schüler et al. 2011; Yunck 2013) . Unfortunately, pseudo-ranges are relatively noisy which reduces the precision of the positioning results, and thus the coseismic displacements. Another option for ionospheric effect mitigation is the use of ionospheric models, such as the Global Ionospheric Maps (GIMs; Øvstedal 2002) . However, the ionospheric delay corrections derived from the GIM data are not accurate enough for high-rate data because of its low temporal and spatial resolution (Zou et al. 2010) , which has a severe impact on the precision of coseismic displacements in EEW applications. Deng et al. (2009) developed a regional ionospheric delay model, the Satellite-specific Epochdifferenced Ionospheric Delay model (SEID), which can retrieve time-differenced ionospheric delays (TDIDs) for an SF receiver in real time with high precision based on the raw carrier-phase observations of surrounding DF receivers. This model overcomes the limitations of the methods mentioned above.
In this study, we estimate high-precision coseismic displacements using SF GPS receivers, and we introduce a modified SEID model (MSEID) to retrieve the TDIDs. Using these precise TDIDs, coseismic displacements of SF GPS receivers can be accurately calculated based on time-differenced carrier-phase measurements in real time. The performance of this approach is validated by using 5 Hz GPS data that were collected during the 2012 Nicoya Peninsula, Costa Rica Earthquake (M w 7.6, 2012 September 5).
C O S E I S M I C D I S P L A C E M E N T S D E R I V E D F RO M A S I N G L E G P S R E C E I V E R
Precise Point Positioning (PPP) is usually used to derive position series of one station, and also to determine the change of position (displacements) between the two epochs chosen by subtracting the position at one epoch from the position at the other (Kouba 2003; Wright et al. 2012; Li et al. 2013b; Xu et al. 2013 ). However, the major disadvantage of PPP is that it has long convergence or reconvergence times, which are required to determine the ambiguities unless the solution is aided by other techniques such as accelerometers .
In comparison with PPP, the epoch-relative positioning approach directly estimates displacements by processing time singledifferenced carrier-phase observables, and it no longer needs a long (re-)convergence period since ambiguities are eliminated under the assumption of the absence of cycle slips during period between these two epochs chosen. Currently, there are two different strategies for the epoch-relative positioning, as depicted in Fig. 1 . One is the Variometric method which calculates the change of position between two adjacent epochs ( j, j + 1), and then displacements between epoch (j) and epoch (j + n) are obtained by a single integration (Colosimo et al. 2011; Zhang & Guo 2013) . The other strategy is the Temporal Point Positioning (TPP) method that directly measures the displacement of the epoch (j + n) with respect to the chosen epoch (j) (Li et al. 2013a) . Li et al. (2014) have demonstrated that the above two strategies have equivalent mathematical models because the geometrical distance between the initial position at the epoch (j) and the final position at the epoch (j + n) is the same, and thus identical results should be obtained as long as both strategies are implemented with the same conditions including satellite ephemeris and error correction models, using the same measurements.
The linearized equation for the time single-differenced (SD) carrier-phase observations between two consecutive epochs ( j, j + 1) on the assumption that ambiguities remain constant can be expressed as follows:
(1)
and
where the symbol · · · ( j, j + 1) represents the temporal variation between the epoch (j) and the epoch (j + 1), l s r,k is the 'observed minus computed' time SD observation on frequency k, e s r is the receiver-to-satellite direction unit vector, x is the change of the receiver's position and t r is the change in the receiver clock bias. Other items represent the variation of the corresponding error components, for instance, (e (Li et al. 2013a; Guo et al. 2014 
For an epoch-relative positioning approach, either the Variometric method or the TPP method, after corrections for satellite ephemeris, ionospheric delay, tropospheric delay, and geometry errors employing precise ephemeris products and the appropriate models (Kouba & Héroux 2001; Böhm et al. 2006; Dow et al. 2009 ), there are four estimated parameters remaining: 3-D displacement and the receiver clock error variation. The leasts-squares method can be used to estimate the unknown parameters for real-time processing when at least four satellites are being tracked simultaneously.
R E T R I E V I N G T D I D C O R R E C T I O N S F O R A N S F G P S R E C E I V E R
It has been shown, using both eqs (3) and (5), that the displacements are affected by the TDIDs. The SEID model is proved to be an accurate way for calculating the TDIDs (Deng et al. 2009 ), accordingly, and we introduce a more computationally efficient MSEID model to retrieve high-precision TDIDs for an SF GPS receiver.
The SEID model
The ionospheric observation for each satellite can be derived from a DF GPS receiver, neglecting the influence of measurement noise and multipath, which is defined as (Schaer 1999 ) (6) where λ is the wavelength, N the phase ambiguity and I the ionospheric delay. Supposing that the satellite is continuously tracked from the epoch (j) to the epoch (j + 1), the ionospheric delay difference between these two epochs on L1 is
where f is the frequency of carrier phase. Given ionospheric delay differences from different DF GPS receivers on a common satellite, the SEID model can be formed as a function of the position of the ionospheric pierce point (IPP) under the assumption that the electron density of the atmosphere is concentrated on a single layer at an altitude of 300 km (Deng et al. 2009 ), which is expressed as follows:
where η and ϕ are the longitude and latitude of IPP. a 0 , a 1 and a 2 are the estimated coefficients of the model, which are determined by using a leasts-square method with I s 1 ( j, j + 1) from at least three DF stations. Once the model coefficients are obtained, an additional TDID correction for an SF GPS receiver is easily calculated from eq. (8). The correction between the epoch (j) to the epoch (j + n) can be accumulated as
We can then apply the accumulated ionospheric delay to the time SD carrier-phase observation to remove the ionospheric effect from the SF data.
Modification of the SEID model
The SEID model is built on the assumption that the spatial change of the TDIDs for the IPP-surrounded region can be approximated by a linear function, but the consistency of I s 1 ( j, j + 1) between different DF stations to a particular satellite would be reduced as the distance between stations increases. Therefore, to prevent contamination of the solution by distant stations, we use the ionospheric delay differences from only the three nearest DF receivers to estimate the model coefficients as done in Zou et al. (2010) . Fig. 2 depicts the schematic of the SEID model, and the corresponding coefficients are expressed as
where I s 1,m is the TDID between two adjacent epochs; η m and ϕ m are the longitude and latitude of IPPs on the curved ionospheric layer; m is the DF receiver index (e.g. A, B, C), and m is the associated IPP index (e.g. A , B , C ). The TDID of the SF receiver D can be calculated as
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http://gji.oxfordjournals.org/ Downloaded from Figure 2 . The sketch map of the the SEID and MSEID models. Esimation of the TDID of an SF receiver using the observed TDIDs of three closest DF receivers. The black frame represents the planar ionospheric layer, which is a parallel with the plane defined by the DF receivers on the ground, and the dark-blue frame represents the curved single ionospheric layer with the altitude of 300 km. The DF receiver or its assiocated IPP is in yellow, and the SF receiver or its assiocated IPP is in green.
where S is the linear interpolation factor, which is equal to ratio of the area of the two triangles.
Since the IPPs on the curved ionospheric layer are continuously changing as the satellite moves, this ratio of areas needs computing every epoch and this computation is time-consuming. To overcome this disadvantage, we make a modification to the above-mentioned ionospheric layer. The ionospheric layer is now assumed to be a plane which is a parallel with the one defined by three DF receivers on the ground, and the corresponding IPPs are marked as m (e.g. A , B , C as illustrated in Fig. 2 ) with slightly different altitudes. It is easily shown that the area ratios S A D C S A B C and S A B D S A B C are respectively equal to the area ratios S ADC S ABC and S ABD S ABC , and thus the linear interpolation factors could be solved according to the coordinates of the ground DF and SF receivers. More importantly, the ground receivers are almost stationary, and consequently the linear interpolation factors could be uniquely determined in advance, making the MSEID model more efficient for real-time applications (see Section 4.1).
DATA ANALYSIS
The M w 7.6 Nicoya Peninsula earthquake occurred at 14:42:04.4 UTC (GPS Time-UTC = 16 s) on 2012 September 5 in Costa Rica at a relatively shallow depth of 13 km, its epicentre determined by using near-field observations was about 10 km offshore of the central Nicoya coast (Yue et al. 2013) . To detect slow slip events and monitor precursory seismicity, a dense network of high-rate GPS stations across the Nicoya Peninsula had been established by the Observatorio Volcanológico y Sismológico de Costa Rica (OVSICORI-UNA). A large amount of high-rate (5 Hz) GPS data within 150 km of the epicentre is recorded and available on the UNAVCO website (http://www.unavco.org/voce/viewtopic.php?f=56&t=1319). These are mostly DF GPS receivers; however, there are several SF GPS receivers logging high-rate data during the earthquake (Fig. 3) . These data provide an ideal opportunity to evaluate the performance of the proposed method for SF GPS coseismic displacement estimation.
First, the 5 Hz GPS data from DF receivers (CABA, LMNL, PUJE, PUMO) before the Nicoya Peninsula earthquake are processed to assess the validity of the MSEID method to generate the TDIDs. Then, we process 5 Hz SF data from GPS stations collected during the earthquake through the epoch-relative positioning approach. The ultra-rapid precise orbit from IGS is applied, and precise clock corrections are generated in advance by using the method proposed by Zhang et al. (2011) . Tropospheric delay is corrected by the Saastamoinen model with a global mapping function (GMF). Ionospheric delay is compensated for using the calculated TDIDs from the MSEID model.
Validation the effectiveness of the MSEID model
The comparison of the actual TDID calculated from DF observations and the derived TDID (relative to the first epoch) gives a measure of the efficiency of the SEID approach. Fig. 4 is an example of the TDIDs and their associated differences for PRN 16 at station CABA from 08:24 to 14:24 on 2012 September 4. In Fig. 4(a) , we can see that the SEID-derived TDID curve is in good agreement with the actual one, and the differences between them is generally smaller than 2 cm although it becomes larger (∼3 cm) at low elevations, which is depicted in Fig. 4(b) . As the differences are shown to be elevation-dependent, and thus the the weight of the measurements from satellites below 45
• is reduced to weaken the influence of these larger differences during the epoch-relative positioning process. Similar performance is also achieved for PRN 21 at station CABA from 02:15 to 08:15 on the same day, depicted in Fig. 5 . Fig. 6 shows the difference of the SEID-derived and MSEIDderived TDIDs for the GPS station CABA on 2012 September 4. The differences between them is usually smaller than 0.1 mm, which are small enough to be ignored even at low elevation angles. These results indicate that the MSEID model using the coordinates of the ground stations is sufficiently precise to allow estimation of TDIDs. Additionally, we performed 100 tests to calculate the TDIDs by using these two methods, the MSEID model was shown to save 
Validation of the epoch-relative positioning approach with SF data
The potential of the presented approach is validated by using static data, collected before the Nicoya Peninsula earthquake, from 00:00 to 00:10 (UT) on 2012 September 5. The Kp index, provided by the International Association of Geomagnetism and Aeronomy from IUGG, is 6-, implying that the ionosphere is moderately active. The results are converted to north/east/up components and compared with the truth of zero displacement. The displacements at station EPZA are shown in Fig. 7 , as an example. The results using the ionosphere-free observable (LC), as the reference value, are depicted by the blue line, the results using L1 carrier-phase observation (L1) are depicted by the cyan line, the results in which ionospheric delay is compensated for using the SEID-derived TDIDs (L1 SEID) are depicted by the red line and the results with the MSEID-derived ionospheric correction (L1 MSEID) are depicted by the black line. The derived TDIDs of station EPZA are calculated by using DF observations from three nearby stations (HATI, CABA, SAJU), and the average distance from station EPZA to the DF stations is about 23 km. The L1 results for a 10-min interval have a clearly linear trend in each component. The L1 MSEID waveforms agree quite well with the L1 SEID results, and the results are close to the zero line without a drift trend at an accuracy of 1.0 cm in horizontal component and 2.0 cm in vertical component.
Another test uses data from 2012 March 9 under severe ionospheric conditions (Kp index is 8o). GPS data with a 15 s sampling rate from the same DF stations (EPZA, HATI, CABA, SAJU) were collected from 18:00 to 18:10 (UT), and the displacements of EPZA for a 10-min interval are obtained by using LC, L1 MSEID, L1 SEID and L1 methods, respectively. line of green diamonds. Although there are greater fluctuations in the displacements than in those derived under calm ionospheric conditions, the same conclusions on the MSEID method can be drawn: (1) the MSEID-derived waveforms agree quite well with the SEID-derived waveforms; (2) the MSEID-derived displacements are close to the LC displacements with small differences of 1-2 cm in the horizontal component and 2-3 cm in the vertical component. The results of the two experiments presented above demonstrate that the MSEID-derived TDIDs are an effective way to compensate for the ionospheric delay and the corresponding displacements are comparable with the LC results, even under active ionospheric conditions.
To further evaluate the performance of the MSEID model for displacement estimation with actual SF receivers, three other sets of SF data are processed by using the MSEID-derived TDIDs, and the associated results, together with the displacement at station EPZA, are shown in Fig. 9 . Four displacement results are respectively depicted by different color lines: (1) the results of station EPZA are the blue line; (2) the results of station PNE2 are the red line; (3) the results of station ELVI are the black line; (4) the results of station BIJA are the cyan line. It should be noted that all SF stations are on the edge of the network (refer back to Fig. 1) , and this means that the SF receivers are outside the triangle formed by the three nearest DF stations. The TDIDs of stations PNE2 and ELVI are derived from the same DF stations (HATI, CABA, SAJU) as station EPZA, and the TDIDs of station BIJA are calculated by using DF data from three distant stations (PUMO, LMNL, PUJE). The average distances of station PNE2, ELVI and BIJA from their corresponding DF stations are about 28, 33 and 74 km, respectively. After 10 min, the displacements of stations PNE2 and ELVI are still within few centimetres in all three components, although these two stations are outside the triangle whose corners are the nearest three DF stations. The reason for this is because the DF triangle (HATI-CABA-SAJU) is close to SF stations in question, so the spatial characteristics of the ionosphere above the DF station are similar to the spatial characteristics of the ionosphere at the SF stations, and thus accurate ionospheric delay compensation using the MSEID method. Ideally, the SF receiver should be surrounded by DF receivers, and the SF receiver should be close to each DF receiver. The closer the distance from SF to DF receivers, the more consistent the spatial characteristics of the ionosphere will be, and then an accurate ionospheric delay correction can be made. Deng (2012) has studied the effect of interstation spacing and found that using a network with the average distance between DF stations below 80 km, it is possible to get reliable coordinates of the SF stations.
Here, we focus on the case where the SF receivers are not surrounded by DF stations, and eight other station densities are studied with the TDIDs derived from the same DF stations (PUMO, LMNL and PUJE). Combined with the four combinations mentioned above, this makes twelve displacements, with mean distance from SF to DF station of between 23 and 83 km. These displacements are all depicted in Fig. 10 . Note that, we downsample the results by plotting only every 25th point in Fig. 10 to improve its clarity. The north component of the results shows almost all displacements are within 6.0 cm, but greater fluctuations happen when the separation distance is greater, especially above 50 km. A similar conclusion can be drawn from the east component results. When the average distance is less than 46 km, the displacements over a 10-min interval are relatively small at 3-4 cm. However, the results become worse when the distance is larger than 46 km reaching around 1 dm. The up component results show visible biases for the BIJA and VERA stations, and the displacement errors become larger for long integration intervals.
Therefore, the following conclusions can be drawn: (1) the MSEID-derived displacement bias becomes bigger with greater separation between the SF and DF stations; (2) when using the MSEID method to recover the ionospheric delay for SF receivers, it is recommended that the SF receiver is within the region surrounded by DF receivers and the average interstation distance between DF stations is within 80 km; (3) when the geometric distribution is bad, that is, the SF receivers are in regions not surrounded by DF stations, it is recommended that average distance between the SF and DF stations is under 50 km. shows the coseismic waveforms derived using the MSEID-derived TDIDs (L1 MSEID). Note that, the earthquake signature can be clearly observed. The blue line shows the LC results, which we treat as accurate reference waveforms . The comparison between them shows that the L1 MSEID waveforms are consistent with the LC results to within a few centimetres during the entire shaking period. The differences between the L1 MSEID and LC solution are within 2.0 cm in the north and east components and within 4.0 cm in the up component. When the MSEID-derived TDIDs are not used, the estimated displacements (L1) have a visible drift compared to the two results mentioned above, which increases up to several decimetres in the horizontal components and about 1 dm in the vertical component, as indicated by the red line. The results after removing the linear trend in L1 are labelled 'L1 linear removal' and shown by a black line. The parameters of the linear trend are determined over a 2-min interval prior to the earthquake. Note that the 'L1 linear removal' results still drift between 14:43 and 14:45 (UT), particularly in the up component, even though the ionospheric conditions are calm. Fig. 12 is the L1 MSEID solutions of SF stations PNE2 and ELVI. After correcting the ionospheric delay, accurate displacement waveforms, with both the peak displacement and the stable permanent coseismic offsets are obtained from SF data. Similar performance to that at station EPZA is achieved, which confirms that the MSEID model is capable of removing the ionospheric effect from SF data, and thus improving the accuracy of coseismic displacements.
C O N C L U S I O N S
In this study, we proposed an approach to estimate high-precision coseismic displacement with an SF GPS receiver by introducing the SEID model to correct the ionospheric delays. A novel modification is presented that greatly reduces the computational complexity of the SEID model by using the planar ionospheric layer parallel to the plane intersecting with DF stations instead of the curved ionospheric layer defined by the IPPs. We have shown that the slight difference (typically smaller than 0.1 mm) in the TDIDs between the SEID model and the MSEID model can be completely ignored. Through the experiment using data at DF station CABA on 2012 September 4, it is found that the MSEID-derived TDIDs agree well with the actual TDIDs calculated from DF observations, which confirms that the modified model can be used for retrieving precise TDIDs. Crucially, the parameters of MSEID model can be uniquely determined in advance using only the coordinates of the ground receivers, making it more efficient for real-time applications.
When the precise TDIDs are available, the coseismic displacements, derived from the epoch-relative positioning method by using SF data (e.g. L1 observations), are consistent with the results using ionosphere-free combination observation (LC) to within few centimetres during the entire earthquake shaking period. This is shown using 5 Hz GPS data collected during the Nicoya Peninsula Earthquake (M w 7.6, 2012 September 5) in Costa Rica.
In summary, our experimental results have demonstrated that an SF GPS receiver is able to capture accurate measurements of ground displacement by using the proposed approach, which makes use of SF GPS receivers feasible to increase the density of the existing high-rate GPS networks which can facilitate timely earthquake early warning and rapid response. Moreover, with the development of cheap accelerometers (Evans et al. 2014) , it is possible to combine cheap SF GPS receivers and cheap accelerometers for greatly enhanced performance in seismology (Li et al. 2013c; .
